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The homogeneous setup
X =G/T, gt = exp(tv), F={g:t>0}.

= (G is connected semisimple, without compact factors.
= ["is an irreducible lattice.

= adw is diagonalizable over R, and v # 0.

Normalize Haar measure: px(X) = 1. These hypotheses imply that (g;) is
mixing, hence ergodic.

The expanding horospherical subgroup of v is

U=Us(g1) :={u€G:grug m e}.



Birkhoff theorem and bounded trajectories

Theorem (Birkhoff)
For every f € L' (X, ux), ergodicity gives

1 (T
T/ flgez)dt — / fdux  for px-almost every x.
0 X

Define the set of bounded trajectories by

B(F):={x € X : Fx is relatively compact}.

Corollary
If X is noncompact, then pix (B(F)) =0.



Zero measure

Fix any x € X. Let puy be Haar measure on U.

po{v e U :ux € B(F)} =0.

Why does the ambient statement imply this?
Put U~ = U4 (g-1). The multiplication map

U™ x Zg(F)’ x U — G, (s,c,u) — scu

near (e, e, e) is a bi-Lipschitz diffeomorphism onto an open subset of G.

Boundedness survives multiplication in the first two directions. A positive-measure
set in a U-leaf would therefore give positive ambient measure.



How large can this set of measure zero be?
Theorem (Kleinbock—Margulis, 1996)

For every x € X and every nonempty open VC U,

dimpy{u eV :uxr € B(F)} =dimU.

The set is thick in U: it has full Hausdorff dimension locally.

Consequently, for every nonempty open W C X,

dimy (W N B(F)) = dim X.

The compact set containing the trajectory may depend on the starting point.

Kleinbock—Margulis (1996), Bounded orbits of nonquasiunipotent flows.


https://people.brandeis.edu/~kleinboc/Pub/bdd.pdf

Approximating two numbers with one denominator

Fix © = (6, 0,) € R?. We approximate it by

b1 P
<la2>7 plapZEZa QEN
qa q

Write |ly|| = min,ez |y — p| for distance to the nearest integer.

Theorem (Asymptotic version of Dirichlet’s theorem)

For every © € R?, infinitely many q € N satisfy
Yy

1
max{|[gf ], llgfall} < —=.

Vi

Equivalently, both rational-approximation errors are at most ¢~>/2.



Badly approximable pairs

An arbitrarily small Dirichlet constant is not possible for every pair

A pair © = (0, 0,) is badly approximable if there is ¢ > 0 such that, for every
q €N,
max{||q01 |, [l¢02[|} =

5

Write BA C R? for this set. Equivalently,

© € BA — grellg\/ﬁ max{||g61 ||, [|¢b2[[} > 0.




Pairs as lattices in three dimensions

X3 = SL3(R)/SL3(Z) = {unimodular lattices in R*}.

1 0 6,
=0 1 6], = diag(e/?,et/? 7).
0 0 1

—P1 6t/2(q91 — p1)
giue | —p2 | = [ €?(qhs — p2) | .
q e 'q

Here U = {ug : © € R*} = U, (q1).

One has



Dani correspondence

Mabhler’s compactness criterion

A family of unimodular lattices is relatively compact exactly when all nonzero
lattice vectors have a common positive lower bound in norm.

Theorem (Dani)

O € BA < {gueZ®:t >0} is bounded in Xs.




Badly approximable pairs are thick

The map © — ug identifies R? with U.

Dani correspondence and the dynamical results give
Leb(BA) =0, dimg(BANV) =2
for every nonempty open V C R2.

Thus badly approximable pairs form a thick set of measure zero.

Remark

The zero-measure result already follows from the classical Khintchine—Groshev
theorem. Schmidt (1969) proved the winning property, which implies full
Hausdorff dimension.
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Weight functions in the two coordinates

For a denominator ¢ € N, allow different error bounds:

lgbi]l < ar(1/q), g2l < aa(1/q).

The weight functions ay, ay : (0,1] — (0, 1] are increasing bijections satisfying

ap(s)as(s) = s.

Cases studied before

The classical choice is a;(s) = as(s)

V5.

1—r

Fixed weights give a;(s) = s, as(s) = s' ", where 0 < r < 1.
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Dirichlet’s theorem with two weight functions

Theorem
For every © € R?, infinitely many q € N satisfy

{||‘1‘91|| < a(1/q),

lgfa|| < aa(1/q).

The normalization is 1
a1 (1/q)as(1/q) = .

The available accuracy can be distributed unevenly between the coordinates.
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Bad approximation with weight functions

Write @ = (aq, ap). A pair © € R? belongs to BAj if there is ¢ € (0,1) such

that, for every ¢ € N,
ax{ g6 || 7 [g62 |l } -1
ai(c/q) as(c/q)

At every denominator, at least one error exceeds the Dirichlet bound improved by
a constant.

The improvement constant sits inside the functions.

For ay(s) = ay(s) = /s, this recovers BA.
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Controlled change of scale

Both weight functions are quasimultiplicative (QM) if, for some Ry > 1 and
0 < K1 < K,

R a;(s) < ai(Rs) < R™a;(s), 1=1,2,

for R > Ry.
Examples
1. Power functions: «;(s) =s™, 7, >0, 71 + 7 = 1.

2. Differentiable weight functions with

0<r < < Ko, g = 1,2



A diagonal curve instead of a flow
Define F¥ = {g(t) : t > 0}, where

g(t) = diag< ! , 1t),e_t> .

aj(e™) as(e

The normalization gives det g(t) = 1.

Theorem (Dani correspondence under QM)
O ecBA; <= F%gZ? is bounded in Xs.

In general, g(t+s) # g(t)g(s).

The approximation problem leads to a set without semigroup structure.
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The curve in a two-dimensional diagonal plane

Let A be the positive diagonal subgroup of SL3(R). Its Lie algebra is
a = {diag(a, as, —a; — as) : a;,as € R}.
Writing a;(t) = —log ("), we have
v(t) =log g(t) = diag(as(t), az(t), —t),  ar(t) +ao(t) =t.

We can therefore draw v(t) using just the coordinates (a;(t), as(t)).
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The cones for simultaneous approximation

For v = diag(ay, as, —a; — as), conjugation acts on the pair by

exp(V) (g, 0) EXP(—V) = U201 +azg, car+2a2,)-

Geometric expansion: both coordinates of U expand

ej ={2a; +ay >0, a; + 2ay > 0}.

The super-expanding cone in this example

s ={a; >0, ay >0} (positive quadrant).
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Every tail stays in a translated smaller cone

QM keeps long increments away from the walls: they lie in one fixed cone s
strictly inside s,

a2
- S After sampling and linear
Su Fay interpolation, this holds for every
/// /// B forward increment:
Ny e - o([t,00)) C B(t) +5.
/// 17(752)///////
4 e Here 5 C 5,7 U {0}.
N/(/t/ The original curve stays a bounded
v(t1) distance from v.
0 ay
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Result about simultaneous approximation of pairs

Let i, e @ (0,1] — (0, 1] be QM weight functions with
ap(s)ag(s) = s.

Theorem (Kleinbock—N.)

For every nonempty open V C R?,

dim (BAa N v) —9

Here © = (01, 05) € BA4 means that, for some ¢ € (0,1) and every ¢ € N,

g0l [lab2|
o { ar(c/q) asl(c/q) } - b

Kleinbock—Neckrasov, arXiv:2607.17021, Theorems 1.4 and 1.5.
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https://arxiv.org/abs/2607.17021

General case: root directions associated with U

Now G is an arbitrary connected semisimple Lie group without compact factors.
Write U = U, (b). Let H be the product of the simple factors on which U projects

nontrivially, and let P C H be a parabolic subgroup with unipotent radical U.
Choose a maximal connected Ad-diagonalizable A C P containing b. Put

h = Lie(H), a = Lie(A), u = Lie(U).

For a choice of positive roots, let ®, consist of those whose root spaces occur in
u. Then
u= @ b, [0, Y] =A(v)Y forY € b,.
AED,
Use the Killing inner product to identify roots (and, more generally, all linear
functionals) with vectors:
(vy,v) = A(v).
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The algebraically expanding cone

af = { >ty ity > O} : Al = exp(a)).

AED,

Shi’s representation-theoretic characterization

An element a € A belongs to Aj; precisely when
VA vE(p(a))

for every nontrivial finite-dimensional irreducible representation (p, V') of H.

Here V*W) consists of U-fixed vectors: p(u)w = w for all u € U. And V*(p(a))
is the sum of eigenspaces with eigenvalues of modulus > 1.
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The geometrically expanding cone

e :={vea:\v)>0foral A€ d,}

For Y € b,,
Ad(expv)Y = VY.

Thus Q,(u) := exp(v)uexp(—v) expands every root direction in U.
Equivalently, Ef :=exp(e) ={a € A: U C U,(a)}.

Role in our proof: inverse conjugation shrinks tiles, allowing us to retain whole
returning tiles in a Cantor construction.
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Super-expansion combines both properties

s;=alNel, St =ALnEf
Algebraic expansion Geometric expansion
Equidistribution supplies enough Conjugation turns that mass into whole
returning mass. returning tiles.

For simultaneous approximation of pairs,
U= {ue:0 = (0,0, c R*}.
For v = diag(ay, as, —a; — ag),
a = {ay,ay > 0}, e ={2a; +ay >0, a; + 2ay > 0}.

Here s} = af C e¢. In general, neither cone need contain the other.
23



Super-expansion and effective equidistribution

For v € s}, write
[v],+ = dist(v, Os,)).

Theorem (R. Shi)
There exists ( = ((H, X,U, A) > 0 such that, for every compact () C X,
p € CPU) and Y € CX(X), there is M = M(Q, ¢,v) > 0 with

’/ W (exp(v)ux) d,uU—/ gad,uU/ W) duy ‘<M el

for all x € Q and v € s

Role in our proof: a large compact set receives a controlled proportion of an
expanding piece of U.

Shi (2021), Theorem 1.5; Kleinbock—Neckrasov, arXiv:2607.17021, Theorem 2.5 and Corollary 2.7.
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Quasi-rays

Let s C a be a convex cone with 5 C s U {0}.
Definition
A sequence V = (v;);>1 in s is a quasi-ray if, with vy = 0,

vV, —V;_1 €8, O<Co§"vi—’vi,1’§L<OO.

A set F' C G is a quasi-ray relative to s if it lies in a bounded thickening of
exp(V) for quasi-ray V:

F C Cexp(V) for some compact C' C G.
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The main theorem for horospherical subgroups

Theorem (Kleinbock—N.)
Let G,I',U, A be as above. Suppose

§ C s U{0}, F is a quasi-ray relative to s.

Then for every x € X = G/T,

{u e U :ux e B(F)} is thick in U.

Equivalently, for every nonempty open W C U,

dimg{u € W : Fuz is bounded} = dim U.

Kleinbock—Neckrasov, arXiv:2607.17021, Theorem 1.4.
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The main theorem on the whole space

Under the same assumptions,

B(F)={xz € X : Fx is bounded} is thick in X.

A brief slicing argument

Choose a submanifold V' C G through the identity with T,G' = T.U & T.V. For
small neighborhoods Oy C U and Oy C V of the identity, the map

Oy x Oy — X, (u,g) — ugx

is a local product chart. Every slice over g € Oy has dimension dim U by the
theorem for U, applied to gzx.

dimpg B(F) locally > dim Oy + dim U = dim X.

27



The proof target: Theorem 3.1
For a quasi-ray V = (v;) in s, write
psj (V) = %g{ Lvi - ’viflelT‘

Given € > 0, x € X and nonempty open W C U, find a compact K and t > 0
such that, if pﬁi(\?) >t

dimp{u € W : exp(v;)uz € K for every i > 1} > dimU — ¢.
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Ingredient 1: geometric expansion

A tessellation of U

Bry

A square model for (B, A)

Choose a small tessellation (B, A) of U,
with e € B and diam B < r.

U:U§7.

YEA

The open tiles B~y are disjoint and
pw(0B) = 0.

We start with & = {B} and subdivide it
into smaller blocks.
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Ingredient 1: geometric expansion

Expand, then count whole tiles

Q(w) = exp(vjuexp(~v),  Jy ="

Teal: whole tiles. Orange: possible boundary loss.
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Ingredient 1: geometric expansion

Tiles contract exponentially
If 5 is a closed cone with
5\ {0} Cef, v ESE,

then |v]+ > c.|v|, and

0y = Lip(2;Yy) < we 0 (Ju] — o0).

Corollary

For large enough [v ]+,

#HreN: By C O (B)} > J(1—0).

After pullback, these tiles cover at least 1 — 9 of the volume of B.

Here we only use geometric expansion: the property of ¢,
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Ingredient 2: return to a compact set

Compact return from equidistribution

Choose compact K with 0 < pux(K) <1 and px(0K) = 0, and any compact
@ C X. For a fixed closed cone 5§ with

5\ {0} C s/, veEs, |v] — oo,
the super-expanding wall-distance tends to infinity. For the tile B,

puv{u € B : exp(v)ur € K}
pu (B)

— pux(K), uniformly for z € Q.
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Ingredient 2: return to a compact set

A small horospherical piece inside K

o

T Choose zy € K and a
cusp small tile B.

The short arc represents
B.To.

0K

Its subdivisions are
inverse images of the tiles
used after expansion.
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Ingredient 2: return to a compact set

The expanded piece makes excursions and returns

exp(v1)Bzg
= Oy, (B) exp(v1)zp.

Teal pieces lie wholly in
K.

Orange pieces leave K or
cross its boundary.

Returning mass has
proportion close to
px (K).
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Ingredient 2: return to a compact set

From returning mass to whole returning tiles

Define
Ap(z, K) ={y€ A: By C Q,(B), Byexp(v)x C K}.

Proposition
For 0 < n < pux(K), choose B sufficiently small. Then for all z € K and

sufficiently large [v ]+,

u(Q2(B
1) 2 Sl () = ) = P22 D () = )

Taking n = ux(K) — pux(K)? gives the lower bound J,jux (K)%
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The first generation
Keep only the good tiles and pull them back:
&= {0, (BY) : v € Ay, (2, K)}.

Good tiles in Q,, (B)

Children in B
Q—l
B % [ e

Every child E satisfies
FE C B, exp(vy)Ex C K.
Number of children: #&, > J,, (ux(K) —n).



The same construction inside every parent
For a parent E € &;, write

E=Q,(B)u, y; = exp(v;)ux € K.
At the next step use the increment v;11 — v;:

v E Avi+1—vz‘(yi> K)

The corresponding child is

E, =0 (By)uCE.

Vi+1

It satisfies B
exp(viH)va = Byexp(viy1 — v)y; C K.
Number of children:

#8i+1 (E) > Jv¢+1*vqu(K)2'

37



A Cantor-like set of bounded trajectories

&o
&
&

83 momorom Inom m mn 1]

The construction is strongly tree-like: nested compact tiles, disjoint up to null
boundaries, nonempty descendants, and diameters tending to zero.

E.=N U E.

i>1 EeE;

For u € F,, every generation enforces another return:

exp(v;)ur € K for every i > 1.



Ingredient 3: lower bound for dimension

The density retained inside a parent

For £/ € &;, define
MU (U 5z‘+1(E))
po(E)

of its parent’s volume. Hence

_ #sz‘+1—vi (yiv K)
J.

Vi+1—Vq

density(&ﬂ, E) =
Every child has 1/.J,

i+1—Uj

> px (K.

density(&;41, F)

Ingredient 2 gives exactly the density bound: A; > ux (K)? for every i.

A, = blrelg density (&1, E).
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Ingredient 3: lower bound for dimension
Let d, = max{diam £ : E € &} be the largest tile diameter at level k.
Lemma (Urbanski)

For a strongly tree-like construction with dj — 0,

F o log A,
dimy Fy > dim U — lim sup ﬁ.
k00 log d,

Here A; > px(K)? and d; < rx‘e™*. Thus, for ct > logk,

2log(1/px(K))

dimg Fo > dim U —
ct —logk

Urbanski, Nonlinearity (1991), Lemma 2.1.



Weights (1,0): a direction on a wall

Let BA; be the badly approximable real numbers. For simultaneous
approximation of (z,vy), a zero weight leaves y unrestricted:

BA(L,0) = {(z.9) : inf gllgrl| > 0} = BAw x R
q

The corresponding diagonal flow and unipotent matrices are

g; = diag(e’, 1,e7"), Uyy =

o O
o = O
—< 8

Here diag(1,0, —1) € Js, and
{(x,y) Agiu, , 27t >0} is bounded} =BA;; xR

A theorem allowing wall directions would recover thickness in R?.
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A logarithmic curve near a wall

In SL3(IR), consider

et
t) = diag| ——, 1 +¢, et t>0.
g(t) 1ag<1+t,+,e ) >

Write log g(t) = diag(aq(t), as(t), —aq(t) — as(t)).

a(t) =t —log(l+1),
as(t) = log(1 +t).

a9 (t)

n)+an

0 wall ay =0

No fixed strict subcone contains all forward increments.

> a as(t + 1) —as(t) — 0.
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Logarithmic weights: bad approximation without QM

Take the weight functions
1

T 1 log s’
They satisfy a;(s)as(s) = s, but ay is not QM.
Define BA%yn by requiring, for some § € (0,1) and every ¢ € N,

ai(s) = s(1 —logs),  aa(s)

[[g6: || 1g02|] }
ax , > 1.
{5a1(5/Q) das(d/q)
Mahler's criterion gives, without QM,
0 € BAY" «— {g(t)upZ’ : t > 0} is bounded.

A theorem for the full closed cone would give

dimy (BAgy“ N V) =2 for every nonempty open V C R

0<s<l.
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Allowing directions on the walls

Ongoing project

Allow increments in s, including its faces. The goal is again thickness of bounded
trajectories.

What can fail?
= Ingredient 1: expansion in every direction.
= Ingredient 2: Haar equidistribution.

= Ingredient 3: rapid decay of diameters.
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Ingredient 1: tiles adapted to neutral directions

The issue at a wall

Some directions no longer expand. The earlier boundary estimate fails, and poorly
adapted tiles may cover a vanishing proportion of the expanded block.

Proposed replacement: Malcev boxes

Use ordered exponential coordinates adapted to the Lie brackets. Align the tiles in
the neutral directions.

Count whole tiles in the expanding fibers, then lift them to the group while
controlling the commutator terms.

The target is a uniform positive fraction of whole tiles.
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Ingredient 2: return without Haar equidistribution

An algebraic wall can preserve an obstruction

In X3, take
1 0 s 1 0 0
U= 01 r]:s,reR}, ag = |0 e? 0

Every lattice aguZ® contains e;.
Choose compact sets adapted to cusp escape

For lattices: put compatible lower bounds on covolumes of primitive sublattices of
every rank.

For general G//T": use linear cusp tests in representations. The thresholds are

chosen so that the bounds already secured remain protected at the next step.
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Ingredient 2: whole-box return

For the adapted exhaustion K5 X as ¢ | 0, put
KP ={z: Bx C Ks}.
Choose an adapted Malcev tessellation {By : v € A}. Write v = Q\, where

A € 51 is a unit vector and every defining cone functional is zero or at least ¢ > 0
on \.

Proposed whole-box return (work in progress)

There is > 0 such that, for sufficiently small § and sufficiently large @,
uniformly over these A and x € Kf,

- By Cexp(v)Bexp(—v), ,uU(exp(v)B exp(—v))
#{ A Byexp(v)x C K } = po (B)

Each retained tile supplies a new center yexp(v)z € KP.
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Ingredient 3: a neutral direction keeps its dimension

Fix 0 < a < 1 and large N. Keep M = [aN] of N equal horizontal subintervals,
with the full vertical interval at every step.

k=1 k=2 k=3
1 1 1
Horizontal projections — Cy Vertical projections
log M

EOOICNX [0,1], dll’IlHEOOI +1 5> 2

log N N—o0

dj > 1: Urbanski's shrinking-diameter hypothesis fails.
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A slow contraction can remove an entire dimension

Use the same horizontal selection, but give every level-k rectangle the common
centered vertical interval I} of height 1/k.

k=1 k=2 k=3
1 1/2 1/3
_Hor;)ntal ;ojections.; CN o Vemrmt}"caﬂl‘m[;rojecmtmi;ns
. log M
Fo=Cyx{L}, dimgByp=-—o +0—1

~ log N N—o0
dr = 1/k: Urbanski's lemma gives only dimy F., > 0.
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Ingredient 3: dimension at separate directional scales

Proposed lemma (work in progress)

Use compatible nested Malcev boxes in U, with neutral projections aligned, and
retain at least a fixed fraction « of eligible children.

Fix large @) and 0 < ¢ < 1. Each side length must satisfy

d(-k+1)

](k) c {1} U [e¥ e

d> ~— —_———
neutral definite contraction

At least one direction contracts at each step.

dimHEoozdimU<1—g>, C=C(a,c,U).




Replacing tiny steps by neutral stretches and bursts

Approximate the logarithmic curve within bounded displacement by a polygonal
path whose unit directions satisfy

li(A)=0 or {;(A\)>c  for every defining cone functional /;.

q
original curve
>
/—/ -
—— neutral in the ¢ direction " a definite positive q increment
Neutral step: keep the vertical fiber. Active step: branch in both directions.
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The boundary problem

The three proposed replacements fit the same induction

1. Malcev boxes retain whole tiles despite neutral directions.

2. Adapted compact sets give repeated return of a positive proportion of those
tiles.

3. Directional mass estimates preserve dimension.

Goal: thickness for quasi-rays in the full closed super-expanding cone.
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